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Abstract 

We discuss a construction of highest weight modules for the re- 
cently defined elliptic algebra A q , p {sl2), and make several conjectures 
concerning them. The modules are generated by the action of the 
components of the operator L on the highest weight vectors. We in- 
troduce the vertex operators $ and through their commutation 
relations with the L-operator. We present ordering rules for the L- 
and ^-operators and find an upper bound for the number of linearly 
independent vectors generated by them, which agrees with the known 
characters of s^-modules. 



1 Introduction 

In our previous paper [Q] we defined the elliptic quantum affine algebra 
Aq )P {g) with g = gl2 or sl2- The present paper is an attempt toward un- 
derstanding the correct elliptic analogues of the highest weight modules and 
vertex operators. Our aim here is to present conjectures concerning their 
existence and expected properties, along with some experimental computa- 
tions to support them. 
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1.1 The elliptic algebra 

Let us recall the definition of the algebras. The algebra «4 g) p(g/ 2 ) is defined 
through a quadratic relation of the form 

fl+(Ci/C2)(£(Ci) ® id) (id ® L(C 2 )) = (id ® L(C 2 ))(L(Ci) ® id)iT + (Ci/C 2 ), 

(1.1) 

where -R + (C) = -R + (C;P 1 ^ 2 5 Q 1 ^ 2 ) is the elliptic i?-matrix of the eight ver- 
tex model, with an elliptic nome p and a crossing parameter q. The ma- 
trix R* + is an elliptic i?-matrix with a scaled elliptic nome: i?* + (£) = 
i? + ((";p* 1 / 2 , q 1 / 2 ) with p* 1 / 2 = p 1 / 2 g _c , where (7 C//2 is a central element of 
A q ^(gl 2 )- The L-operator L(£) = (L ee /(£)) e £ , =± is assumed to satisfy the 
parity relation L ££ >(—Q = ee'L ££ i{C) and is expanded as 

nGZ 

The algebra ^^(s^) is defined by further requiring that the quantum 
determinant be equal to q c / 2 : 

L ++ (C/g)L__(C) - L_ + (CA/)L + _(C) = q c/2 - (1.3) 

1.2 Highest weight modules 

A level-A; highest weight module M of the algebra A?,p(s^) is a left Aj^s^)- 
module with the action of the operators U n satisfying the following proper- 
ties: 

(i) M is graded, M = e d > M d , and U n € Horn (M d , M d _ n ). 
We say that a vector w G M has degree cZ if w G M<j. 

(ii) Up to proportionality, there exists a unique vector of degree 0, 
v £ Mo, called the highest weight vector. The whole module is generated 
by the highest weight vector: M = A q , p (sl2)v. 

(iii) The central element q c l 2 acts as q k l 2 x id on M. 
The complex number k is called the level of the representation. 

These conditions are similar to those in the case of the affine Lie algebras. 
For the latter, there are two important classes of highest weight modules: 

(a) Verma modules; 

(b) Irreducible highest weight modules. 

As is well known, these modules have deformations to the case of quantized 
affine algebras U q (g), the 'trigonometric case', in such a way that the char- 
acters remain the same. We expect that the situation is analogous in the 
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elliptic case. We will introduce an elliptic analogue of the Verma module 
(which we refer to by the same name), and give a spanning set of vectors. If 
they are linearly independent, then the character is shown to be unchanged 
from the case of Lie algebras. The analogue of the level-one irreducible 
highest weight modules has been discussed in [|]]. Assuming their existence, 
we give another conjectural basis for them, using vertex operators. Let us 
explain these constructions in more details. 

As with the Lie algebra case, the elliptic Verma modules carry two pa- 
rameters, the level-fc and a second parameter I (see Section 3.1): M = M.k,i- 
General vectors in Mk,i are created by applying L £ n repeatedly to the highest 
weight vector v = \k,l). The set of vectors obtained this way contains re- 
dundancy. In order to reduce the number of vectors we rewrite the defining 
relation (|l.l| ) and ( |l.3| ) as normal-ordering rules for the product of operators 
L £ n : Roughly speaking, we bring L^ 1 to the left of L^ 2 2 if n\ < ri2- From this 
we find that the vectors 



w = L £ n \ ■ ■ ■ L £ n ^\k, I) (m < • • • < n m < 0, £j = e j+1 if nj = n j+1 ), 

(1-4) 

constitute a spanning set. The generating function of the numbers of the 
degree-d vectors in this set is equal to the character of the Verma modules 
for sl2- 

oo i 

1J ; (1 -t n 1 -t 2n ~ l ) V ' 



d>0 



In principle, we can compute the action of L £ n on w: Using the normal- 
ordering rules, we can reduce it to a linear combination of the vectors of 
the form (1.4). However the normal-ordering rules involve infinite sums 



(see Section 3.2), which makes the reduction process quite complicated. We 
have not yet been able to show that the result is independent of the order 
of reduction, which is necessary to study the linear independence of (|L 



1.3 Vertex operators 

A conjectural basis of the irreducible highest weight modules (when the 
Verma module is reducible) is constructed differently. We consider in this 
paper only the simplest case k = 1. As in the case of s/2 we expect to 
obtain two level-one integrable irreducible representations Tv- ' and TiS^ as 
the quotients of the Verma modules Mi t o and respectively. In the 

elliptic case, it is not easy to describe these quotients explicitly in terms of 
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the L-operators. Instead we will use vertex operators to create the vectors 
in WW. 

The type-I vertex operator $(C) is defined similarly as in We require 
that $ intertwines L and R + L (see Section 4.1). This relation uniquely de- 
termines the action of the vertex operator (C) : -^kl ~> ■M-kl±i- The 
vertex operator in the trigonometric case § satisfies a quadratic commuta- 
tion relation (see also Q for the level-one case). The determination of the 
coefficients in these relations is based on an analysis of the qKZ equation, 
of which an elliptic counterpart is yet unknown. Nevertheless, we speculate 
that the elliptic vertex operator satisfies a similar quadratic commutation 
relation. In the level-one case, such a commutation relation is anticipated 
from the identification of the vertex operator and the half-column transfer 
matrix of the eight-vertex model (see 

We will construct vectors in Tt^&H.^ by means of the vertex operators, 

$<- 1_M) (C) : n {i) 

Taking the parity of the vertex operator into account, we set 

£$(l-M) (C)= ^(l--) C -n 

e n 

Starting from the highest weight vectors |0) and we create vectors of 
higher degrees by applying ipn repeatedly. We conjecture that all the 
vectors in are created in this way. In order to get a reduced 

set of vectors, we proceed as in the previous case: We rewrite the commu- 
tation relation for the vertex operator as normal-ordering rules. We also 
supplement the rules by a certain inversion relation of (£)■ (This is 

analogous to the ^-determinant condition (|1.3[) .) If the above conjecture is 
valid, the set of vectors 

where n\ < ■ ■ ■ < n m < and the indices i, i + 1 , etc., are read modulo 2, 
span the space 

The paper is organized as follows. In Section 2, we recall the definition 
of the algebra Aq^sfa)- We define the Verma modules in Section 3 and 
derive normal-ordering rules for the components of the L-operator. We 
present a conjectural basis of the form ( |1.4| ) and prove the equality ( |1.5|) . 
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In Section 4, we define the vertex operators in terms of their commutation 
relations with L, conjecture a form for the commutation relations between 
<I> operators, and define the type-II vertex operators ^* in terms of the 
operators L and (for the physical interpretation of these operators, see 
e.g. [y). In Section 5, we present ordering rules for the components of the 
L and which determine the matrix elements of the ^-components. We 
write down normal-ordering rules between components of the operator <I> 
and use this to specify a different conjectural basis for the Verma module. 
A specialization to the case of level-one is considered in Section 6. The text 
is supplemented by three appendices. For comparison and motivation, we 
summarize in Appendix A the known results about the /-operators and the 
vertex operators in the trigonometric case. In Appendix B we give formulas 
for the two-point functions in the elliptic case for various combinations of 
the L-operators and the vertex operators. In Appendix C, we discuss the 
form of the Shapovalov-type determinants ]|, |(| which we compute for small 
degree. These determinants have a simple factorized form. 



2 The algebra Aq, p (sl2) 
2.1 R- matrix 

The purpose of this section is to recall the definition of the elliptic algebra 
■Aq,p{sh) Q) thereby fixing the notation. 

First we need to prepare the R matrix of the eight-vertex model given 
in 0]. In what follows we shall work with the parameters p,q,C which are 
related to I,I',X,u in 0, equations. (10.4.23-24) by 

p = exp(— 7r//J), q = — exp(— nX/21), ( = exp(7ru/2/). 

The i2-matrix has the structure 



R(0 



( a(C) d(0 \ 

6(0 c(0 

c(0 HO 



(2.1) 
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with the entries given by the formulas 



o(C)= p' e P 2(pq 2 )Q P 2(q 2 c 2 )e P 2( P c 2 ), 

KO= p'q © p2 (^ 2 )e p2 (pg 2 c 2 )e p2 (c 2 ), 

40= p'C e P 2(q 2 )e P 2(pq 2 ( 2 )e P 2( P ( 2 ), (2.2) 

d(0= p' p -^- e p2 (g 2 )G p2 (g 2 c 2 )G p2 (c 2 ). 



Here we set 



G p2 (z) = (z;p )oo(p z ;p )oo(p ;p )oo 
and the infinite product symbol is defined as 

(z; P1 ,---, Pm ) 00 = n ( i_ *pt ■■■p^ n ) 

= exp - V- r r-— . (2.3) 

The scalar p' (related to p in J^] 3 (10.4.24) via p' = — pp^^iqC,) -1 ) is a free 
parameter. As in |Q] we shall choose p' as follows: 

, = c -i Z(( 2 ;p,g) i 

t((~ 2 ;p,q) (q 2 ( 2 ^,p)oo(pq- 2 C~ 2 ■,p)oo(p■,p) 2 XJ (p 2 ■,p 2 )oo , 

c ( \ _ {q 1 z;p,q i )oo{pq 2 z;p, q 4 )^ 

(q^p^Uipz-^q^U ■ {2A) 

In the context of the eight-vertex model, this choice corresponds to normal- 
izing the Boltzmann weights in such a way that the partition function per 
site is 1. 

For the definition of the elliptic algebra we introduce two more R matri- 
ces 

fl±(C) =r±(C)i?(C) , 

The corresponding entries will be denoted by a ± (C), ^(C); e ^c- Later we will 
need to diagonalize them. The eigenvalues are simply sums and differences of 
the entries, and can be put into a factorized form using the addition formula 
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for theta functions. We give below such formulas, noting that a ± (C),6 ± (C) 
are even and , cZ^ (C) are odd in (. 



"(C) 



^(0 + ^(0 = p(c^)^v i l + (g " lc)±1/3(c " 1: 



(2.6) 



1 + (?C) ±1 /?(C) 



Here 



= ^ iw^K, » ( 2 - 7 ) 

_ rn _ (p 1/2 q(; p)oo (pq 4 ( 2 ;p, q 4 )oo(p( 2 ;p, g 4 )oo (9 R] 
° iU (p i/2 g -i C;;3)oo (p^C 2 ;^ 4 ) 2 * ' 1 ' 



(-pq(;p)oo (pq C ; p, <f)aa(pC ;p,q ) 



PlU Fm 31 ^ (m 2 C 2 ;p,<z 4 ) 2 ' 



IX: 



Prom now on we regard p 1//2 ,C as indeterminates. In jlj] g 1 / 2 was also 
treated as a formal variable. In this paper we take q 1 ^ 2 to be a fixed complex 
number such that < \q l ^ 2 \ < 1. We define R^(C) by ( |2.6j ) to be a formal 
series 

nGZ 

whose coefficients are in the ring B = C^ 1 / 2 }] of formal power series m 
p 1 / 2 , wherein we specify the factor (1 + (q , C) ±1 ) 1 in ^(C) + C± (C) to be 
an expansion in powers of £ . The Taylor coefficients of 5(C) = J2j>o Q iC J 
satisfy ay G pi' 2 B, which ensures that the product a(C _1 )/«(C) is a well 
defined formal series with coefficients in B. Likewise for /3(C)- The matrices 
R^ therefore satisfy 

Rt = mod ( p V2)niax( T n,0) B Vn g z ^ 1Q) 

In particular, when p = 0, -R + (C) (resp. i?~(C)) contains only non-negative 
(resp. non-positive) powers in C- 

We regard -R ± (C) as linear operators on V 55 V, with V = Bv + Bv-, 
and set i? ± (C)w e ' i <8> v e > = J2 v e 1 55 (Ceie^;*^- When written in the 

matrix form as in ( |2.lD , the entries of R^ are arranged in the order (ex, £2) = 

(++),(+-), (-+),(— ); 

We list below the main properties for the .R^-matrices which are relevant 
in the sequel. 
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Yang-Baxter equation 

^ 2 (Cl/C 2 )^ 3 (Cl/C3) J R 2 ± 3(C2/C3) = J R 2 ± 3(C 2 /C3)^ 3 (Cl/C3)^ 2 (Cl/C2), 

(2.11) 

Unitarity 

i?f 2 (Ci/C 2 ) J R 2 F 1 (C 2 /Ci) = id, (2.12) 

Crossing symmetry 

i? 2 ± 1 (C 2 /Ci) tl = afRU-q-'Ci/C^M, (2.13) 

Quasi-periodicity 

Rf 2 (-0 = alRUQal = a z 2 Rf 2 (Oa z 2 , (2.14) 

Rt 2 ( V /2 C) = <W 2 (CK = ^RuitW • (2-15) 

Here, if-ff^C) = with a*, h € End(F), then i?f 3 (C) = E aj<8>id(g)&j, 

-^.(C)* 1 = E^i <8> a«, etc., where 6* signifies the transpose of 6j. The Pauli 
matrices are chosen to be 



1\ „ /0 -A z /l 

the suffix j(= 1, 2) indicating that they are acting on the j th -component. 
2.2 The elliptic algebra 

The elliptic algebra is defined in terms of generators and relations. Consider 
the formal series of the form 

where 

Lee'(C) = E Lee',nC n , L £e> •„ = (V^max (n.O)^ ^ (2J7) 

nez 

Here L ££ ', n (n G Z, e,e' = ±, ee' = (—1)™) are abstract symbols. By 
convention we set 

L ££ ,, n = ifeeV(-l) n - (2-18) 
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In later sections we will use L e n to represent the homogeneous components 
<>f /-(C): 

L +E ,(()+L„ e ,(C) = Y, L nC n - (2-19) 

ngZ 

We define A q: p(gl 2 ) to be the topological l?-algebra with generators L ££ i^ n 
and an invertible central element q c ^ 2 , through the following defining rela- 
tions: 

^i2(Ci/C 2 ) L (Ci) L (C2) =1 (C2) L (Ci)^(Ci/C 2 ) , (2.20) 

where 

L (C) = L(0 ® id, L (C) = id(8>L(C), 

and 

= p* 1 / 2 , g 1 / 2 ), p* 1 / 2 = p 1 / 2 ^. (2.21) 

To be precise, let U' denote the tensor algebra over B on the letters L ee ' in 
with the central element (fl 2 adjoined, U its p 1 / 2 -adic completion, and I 
the ideal generated by the coefficients (in Cu C2) of the matrix entries of the 
LHS— RHS of ( |2.20| ). Then Aq^tgl?) = W/X, where X signifies the closure of 
J. 

We wish to verify here that the both sides of ( 2.20| ) are indeed well 
defined. The left hand side has the form 

L(rn, n)Cr m C 2 "™, L(m, n) = £ Rj (L m+j <g> 1) (1 ® L n _j) . 

m,7iGZ jeZ 

Thanks to ( p.lOD and ( 2.17| ), L(m,n) is convergent in the p 1 / 2 -adic topology 
and moreover we have 

L(m,n) = mod (jp-/ 2 ^ max ^ m '°'B Vm, n G Z. 

Similarly the right hand side has the form 

^ R(m, n)Cr m C 2 " n , A(m, n) = ^(l® (L m+j ® 1) 

m,n<=Z jfgZ 

with 

fl(m,n) = mod ( p l/2)^»(m,0) B _ 

It follows from this estimate that ( [2.20 ) multiplied by a common scalar 
Sjez c i(Ci/C2) J is valid as a formal series relation provided Cj E p max (°-j)B. 
In particular the common scalar p(Ci/C 2 ) can be divided out from ( |2.2C{ ). 
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This remark will be used when we discuss the normal-ordering rules in Sec- 
tion 3. 

Let V(: = V ® B[£, and define vr e : Aq, p Q 2 ) -> End by 
H (^(0) "4 = E^^C/eW'^, ( g c / 2 ) = 1. 

The Yang-Baxter equation for R + ensures that is an _4,2,p(<^2)-module. 
This is analogous to the evaluation module of the quantum affine algebras. 



2.3 The quantum determinant 



The algebra Aq^sfa) is defined by imposing further a relation on the quan- 
tum determinant to be defined below. First note that the R matrix (2.1) at 
£ = — q~ l has the simple form 



Ri-q- 1 ) 





Vo 






0/ 



(2.22) 



Thus R(—q 1 ) has rank one, and its image is spanned by w = v + ® i>_ + 
w_ ®i>+. Applying both sides of ( |2.20| ) to w and specializing to Ci = —Q~ 1 C2, 

2 1 

we see that L (() L {—q~ l C,)w lies in the image of R\^{— q^ 1 )- Therefore it 
can be written as 



UoLi-q-'Ow 



g-detL(£) w 



(2.23) 



where g-detL(£), called the quantum determinant, is a certain series with 
coefficients in the algebra Aq^g^)- Writing down the relation ( |2.2C| ) at 
("i = — q~ 1 C2 we find the following equivalent expressions for q-detL((): 

L ++ (CA?)L__(C) 

L ++ (C)£— (C/<?) 
L__(C)L ++ (C/g) 



q-detL(C) 



L_ + (C/g)L+-(C) 
L + _(C/g)L- + (C) 
L+_(C)£-+(C/?) 
L_ + (C)L + _(C/g). 



(2.24) 



We have in addition 



(C)i+-(C/7) = ^+ 

(C/g)£— (0 = L-. 

L__(C)£-+(C/?) = L_. 



.(C/g)i++(C), 
.(C)£++(CM 
.(C/g)L+_(C), 
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Despite the appearance of two different R matrices in the defining rela- 
tion (|2.20D , the usual argument applies to show that all the coefficients of 
g-detL(C) belongs to the center of Aq )P (gl 2 )- Let us verify this statement. 
Using (|2.20| ) repeatedly and specializing the parameter, we have for any 
v € V 

L ((') L (C) L (-q-\) R^iC/OR^i-q^C/C') w v 
RUC/ORU-q-'C/C) I (0 L (-q-'C) L (C) w®v. (2.25) 



On the other hand, using the unitarity ( |2.12| ) and crossing symmetry ( |2.13|) 
one can verify that g-detL(C) acts as 1 on the module V£. Taking the image 
of (2.23) on Vti we have for any v € V^> 



RUC/ORU-q-'C/C) w®v = w®v. 
Along with ( gj|) we conclude from ( |2.25| ) that 

3 3 

L (CO g-detL(C) w®v = g-detL(C) L (CO w ® v, 

which means g-detL(C) commutes with all the entries of L(£'). 

Imposing further the relation g-detL(C) = q c ^ 2 we define the quotient 
algebra 

A g , p (sl 2 ) = A g , p (gl 2 )/(q-detL(() - q c/2 }. 

We note that is also a module over A q ^ p {sl 2 ) since g-detL(C) acts as 
1 = q c l 2 . In general we say that an ^4 g]P (s^2)-niodule has level k £ C if the 
central element q c l 2 acts as a scalar q k l 2 . Thus has level 0. 

Unlike in the trigonometric case one cannot define the notion of weights 
since the i?-matrix does not have a spin-conservation property, i.e. does 
not commute with matrices of the form h®h with h an arbitrary diagonal 
matrix. Nevertheless Aq^g^) can be made a Z-graded topological algebra 
by setting 

deg L ££ ^ n = -n, deg<f /2 = 0, 

which corresponds to the principal grading for affine Lie algebras. Clearly 
A q ^ p {sl 2 ) inherits this grading as well. 

Remark. The degeneration of the elliptic algebra in the trigonometric 
limit p — > has been discussed in BJ. In the present normalization, the 
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elliptic L-operator is formally related to the trigonometric L^-operators in 
Appendix A via 



L+(C) = q-^Liq^C) 



p=0 



L-(() = q- c l A a x L{-p l l 2 Q<7 x 



p=0 



3 Verma modules and their spanning vectors 
3.1 Definition of the Verma module 

We expect that the infinite dimensional representations of Aq jP (sl2) are 
smooth deformations of the corresponding representations which exist in 
the trigonometric limit. In the case of the quantized affine algebra U q (sl2), 
there exist level-fc Verma modules M® k ; , with highest weights (k — Z)Ao + ZAi, 
where k and I are arbitrary complex numbers. We wish to define the Verma 
modules Mk,i over Aq^sfa) i n an analogous way. It is the universal module 
of level k having a cyclic vector \k, I), such that A4k,i = A q>p (sl2)\k, I), with 
the properties 

L E n \k,l) = 0, Vn>0, 

L$\k,l) = aq {k ~ l)/2 \k,l) , L \k,l) = aq l ' 2 \k,l). (3.1) 

Here the scalar a accommodates the condition that the quantum determi- 
nant acts as q k l 2 . From the results for the two-point functions (see Appendix 
B) we find that one should choose | j 

a 2 = M=^, (3.2) 

where /3(C) is defined in ([^1]) and /3*(C) is the same function with p 1 / 2 
replaced by The normalization ( |3.1| ) is discussed further in 

Appendix B. 

The precise definition of Mk,i is as follows. Let J denote the left ideal 
of Aq, p (sh) generated by all L e n with n > 0, together with Lq — aq( k ~ 1 ^ 2 , 
Lq — aq 1 / 2 . Then we define Mk,i = Aq^slz) / J and \k, I) = 1 mod J, 
where J signifies the p 1//2 -adic closure. 

Clearly, Mk,i admits a Z-grading coming from that of Aq^sh), M.k,i = 
©dez(A / (fc i z) rf , where is a topological direct sum. Explicitly, the grading 
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is given by the degree 



d = deg(L«...L£|M)) =-5>i- (3-3) 

In Section 3.2 we will show that the set of degree-d vectors 

Ll\---KZ%l) (3-4) 

where m > 0, 

ni < • • • < n m < (3.5) 

and 

£j = £j+i if rij = n j+ i, (3.6) 

is a spanning set of (Mk,i) d - This provides us with an upper bound for the 
character of M.k,h 

ch M k ,i = dim (Mk,i) d t d . (3.7) 



We conjecture that the vectors Q3.4| ) with the restrictions ( |3.5| ) and 
are in fact all linearly independent. As we show in Section 3.3, this is 
equivalent to stating that the character ( |3.7| ) is given by the same expression 
as the (principal) character for the Verma module of the affine Lie algebra 
sl 2 : 

1 



diM k i = Y\ n — i-. (3. 



In order to show that (|3.4| ) span Mk,h w e will derive in the next Section 
normal-ordering rules for the Laurent components of L, which can be used 
to reduce an arbitrary vector in (Mk,i)d to a linear combination of vectors 
of the form ( |3.4| ) with the restrictions ( |3.5| ) and fl3.6j ). 

One can define the right Verma module M.% l = (k^^Aq^s^) in the 
same way, requiring that 

(k,l\L £ n = , Vn < 0, 

(k, l\L+ = (k, l\aq {k - 1 ^ 2 , (k, l\L = (k, l\aq l/2 . 

The normal-ordering rules allow us to reduce the pairing of (k, l\u and v\k, I) 
(u, v being monomials in L^) to a scalar. We expect (without proof) that 
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the result is independent of the order of the reduction, and that the resulting 
bilinear map 

M% tl x M k ,i -» B 

gives a non-degenerate pairing for generic k, I. As usual, we denote the 
pairing of (k,l\u and v\k, I), u,v & Aq lP (sl 2 ) by (uv) = (k,l\uv\k,l), and 
refer to it as the expectation value of uv. 



3.2 Normal-ordering of L-operators 

It is possible to rewrite the defining relation ( |2.20| ) of Aq jP (sl 2 ) in the form 
of normal-ordering rules, i.e. for any n\ > n 2 there is an equality of the 
form 

n\ n2 / i <Ji,mi,(J2,m2 mi m?.' 

t T 1 ,m 1 ,tT 2 ,m2 
m^-fm2-fi|+»[2 l m^<m2 

To show this, we use a basic idea presented in j|, which we will now 
outline in a simpler context discussed there. 

Consider the following commutation relation for an operator = 

(l " |) ^ z(CiM6) = (i - 1) ^ *(6MCi), (3-9) 

where /c is an arbitrary complex number. Define the coefficients a n and a n 
by 

n>0 nt > 
n>0 

and let 

Z(m,n 2 ) = ^2aiZ ni _iZ n2+i . 

i>0 

This is a linear combination of z mi z m2 such that mi + m 2 = n\ + n 2 and 
mi < n\. Conversely, z mi z m2 is written as a linear combination of Z(ni, n 2 ) 
such that n\ + n 2 = m\ + m 2 and rii < mi: 

z mi z m2 = ^2a,iZ(mi -i,m 2 + i). 

Equation ( |3.9| ) implies that 

Z(mi,m 2 ) = Z(m 2 ,mi). (3.10) 
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rewriting z ni z n2 as a linear combination of Z(m\,m2), using ( |3.10| ) for the 
terms for which m\ > rri2, z ni z n2 can be expressed as a linear combination 
of z mi z m2 such that m\ + 771,2 = ni + ri2, mi < 771,2. 

In the above argument infinite sums of the operators z mx z m2 appear. In 
|||, and also in the present context discussed below, these are well-defined 
as operators acting on highest weight modules. 

To obtain the normal-ordering rules for the L-operators from ( [2.20D , we 
proceed as above, with the main differences being the following: 

1. The defining relation ( [2.20D is a matrix equation; we reduce it to 
scalar equations by diagonalization of the i?-matrix. 

2. The coefficients of these scalar equations are Laurent series rather 
than power series in £ = C1/C2 or £ . We must therefore factorize the de- 
pendence on positive and negative powers of £ (the Riemann-Hilbert split- 
ting), and redistribute the factors appropriately so that we obtain a formal 
power series in ( on one side, and £ on the other side of each equation, 
just as in the simpler example above. 

In fact, in (|2.6| ) we have already prepared the diagonalization and the 
factorization. As noted in Section 2.2, the common factor p(Q 2 ) can be 
factored out of ( |2.20| ), which is then rewritten as 

^ (1)CT (C 2 /Ci) j r , , , fr (2)CT (Ci/C 2 ) T u r . 



where 

La,T,e((l, C2) = J! c ( £ i £ ")LE>E"((l)Lcre> te"((2 



^)+(c) = M 2 )+(c)=s(c) 5 h^- (0 = ]3(0, hW-(0 = ^P(0 

q + C 

and 

/ m f — 1 if e = e' 

C{£,£ ) = 



(3.12) 



+1 otherwise. 

Again, the symbol * is used to indicate the substitution p 1 / 2 — » p* 1 / 2 . 
Define the coefficients hn^ a ' T ' £ and hn^ a ' T ' £ as 

"""(c) -vje-c- 1 



n>0 
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Then, from Q3.ll ) we have, for m > n, 

e 7^ L a J- * I a J + 



+i 



V h {1)cT ' T ' £ ' h (1)a ' T ' £ ' + cfr £ 'l V h (2)(7 ' T ' £ ' h {1)a ' T ' £ ' 

,j<0 L 2 J- J . >0 L 2 J- J 



(3.13) 



where 



and 



if m = n (2); 

1 if m#n (2), 



m/2 



r if m = n (2); 
— r if to ^ n (2), 



"m" 









if m is even; 



(m rfc l)/2 if m is odd. 

Using the relation (|3.13j ) , we obtain from the quantum determinant con- 
dition ( p. 24 ) the additional relation 

j(T{-e'c 



k/2 



m>0 

E = ± 



where 



i>0 



(2)-- e 'r(i)-- £ ' 

n i-3 



j<0 



j>0 



The relations (|3.13| ) and ( 3.14 ) imply that products of the form L e m L e ^ with 
to > n, or with m = n and e = — e', can be expressed as sums of products 
with m < n, with e = e' if m = n. Therefore we see that the module 
Mk,i is spanned by vectors of the form ( fO| ) with rij satisfying ( |3.5| ) and e^- 
satisfying (^). The module M%i is similarly spanned by 



(fe, Z|Lf!^ m . . . L!_ 2 ri2 Li 1 ni 



(3.15) 

with rij and £j again as in ( |3.5|) and (l3.6| ). 

We note that the determinant of the matrix formed by coupling all 
degree-d vectors of the form ( 3.15| ) with ( |3.4j ) can be computed for small d, 
and has a simple factorized form reminiscent of the Shapovalov determinant 
P, 0]. We discuss this factorization in Appendix C. 



16 



3.3 Counting states 

We now show that the number of vectors of the form ( |3.4|) ~ (|3.6| ) is equal 
to the number of linearly independent vectors of fixed degree in the Verma 
module of s^- This places the upper bound ( |3lj| ) on the character of Mk,l- 
We call 

C _ TBI T£n 

Jh\ Tlrn 

a string if it satisfies n% < ■ ■ ■ < n m < 0. It is a degree-<i string if 
— Y1T=\ n j = d. We wish to show that the generating function of the num- 
bers of the degree-d strings which satisfy the adjacency conditions 

(i) if rij = rij + i then Ej = Sj+i, 
is equal to (3.8). 



Let us first introduce three terms: An A-string is a string S satisfying 
(i), and a B-string is a string S satisfying the following two conditions: 

(ii) if £j = + then rij is odd; 

(iii) if rij = rij+i then (e,-,£, + i) / (—,+)• 

Finally a C-string is a string S satisfying (iii). Note that the A-strings are 
C-strings which satisfy (i), and the B-strings are C-strings which satisfy (ii). 
Note also that given a set of indices {ej,rij}JL 1 , where Ej = ± and rij < 0, 
there is a unique way of relabeling them to get a C-string. 

It is straightforward to see that the generating function of the number 
of degree-d B-strings is equal to the character (|3.8|) . We will show that 
the number of the degree-d A-strings is equal to the number of the degree- 
d B-strings by constructing successions of degree-d C-strings that connect 
A-strings with B-strings in one to one correspondence. 

Let us introduce two moves on the C-strings: 
Given a C-string S that is not an A-string, an A-move is to modify S to S' 
by the following procedure. 

Scan the string S from the right for j such that Sj ^ £j+i and rij = nj + \. 
Then, we have necessarily that Sj = + and £j + \ = —. Remove L+. and L~. +1 
from S and add L^. to get a new C-string. This is S'. 
Given a C-string S that is not a B-string, an B-move is to modify S to S" 
by the following procedure. 

Scan the string S from the left for j such that ej = + and rij is even. 
Remove L+ from S and add L + ,„ and L~ ,„ to get a new C-string. This is 

j rij 1 2. rij/z ° a 

S". 

Note that S — > S' is an A-move if and only if S' — > S is a B-move. The 
assertion has been proven. 
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Example: Here is a path from an A-string to a B-string: 




4 Vertex operators 

We now define type-I and type-II vertex operators as intertwiners of certain 
Aj,p(s^2)- m odules, U nder the assumption of the existence and uniqueness of 
such vertex operators. To minimize the number of necessary assumptions, 
we start by defining type-I vertex operator $(C), and then construct type- 
II vertex operator VP*(C) in terms of L(Q and ^(C)- These operators are 
deformations of the corresponding operators in the trigonometric case, which 
are reviewed in Appendix A. 

4.1 Type-I vertex operators 

Let 



for generic values of k and I: 

(i) There exists a unique, up to normalization, intertwiner of Aq tP (sl2)- 
modules, the type-I vertex operator $( /±1 ' / )(C), 



& l±1 ' l \() : M k ,i — > M k , l±1 ® V *('± 1 -0( C ) = *( ,±1 ' i) (C) ® , 



^ 1 '°(c 2 )4? £ »(Ci) = E ^^(Ci^j^Vcci)*^^) • (4.i) 




s 



satisfying the intertwining relation 





(4.2) 



n=i±2(mod 2) 
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where 



lk,l) d ~> (•Mjfc,i±l)d_n) 
and we choose to normalize the action on A4k / by 



^ ±1,0 |fc,Z) = |ife, J ±1) . 
By convention, $f '°(C) = if I ± 1- 

(ii) The type-I vertex operators satisfy the commutation relations 

i(JV) 2 (''.0 

i?12(Cl/C2)* (CO* (C2) 



(4.3) 



cr=±l 



Z + a 



C1/C2I* (C2)* (Ci), (4.4) 



where the connection coefficients u> are defined in ( A. 21 ), and the matrix R 
is defined in equation fl2.ip . This should be understood as a relation among 
matrix elements (cf. the remark at the end of Appendix A), 
(iii) The vertex operators satisfy the inversion relation 



ay£*2V<r l C)*P(C) = id, 



(4.5) 



or, equivalently, 



i' 



where 



9l±i,l 



(yt)s)oo C(p;p,q) 



(q 2 Vl ;s)oo £(s;s,q) 



£(z;p, q) 



(q 2 z-p, 



1 )oo 



(z;p,q 4 )oo(q 4 z;p, q 4 



i{z;p, q) 



\z\q 



(q 2 z;q*) c 



The scalar gy 1 is determined by taking the expectation values of 
Appendix B). 



(4.6) 

(4.7) 
(4.8) 
I) (see 



Note that the connection coefficients w in ( [4.4|) are the same as in the 
trigonometric case (see Appendix A), though a priori they might depend 
on p. A word is in order concerning this point in the elliptic case. For 
the consistency of (4.4), the coefficients w must satisfy the Yang-Baxter 
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equation. It seems unlikely that w, which is already an elliptic solution, 
extends to a more general class of solutions. Thus we expect w to remain 
unchanged under the elliptic deformation. 

To show the equivalence of (4.5) and (4.6), we use ( 2.22j ), as well as the 



relation 





( v 




w 




-ll 91,1" 

q = 






/ 91', l 



From (fLq), we have 



e 




si,— £2; 


-e,e(-q 


(' 




I I 




\ I" 





■El 



>0",0 ( 

■— E2 * 



E^r^o^-rt). 



4.2 Type-II vertex operators 

We now define type-II vertex operators V&*(C) in terms of the L-operator 
and type-I vertex operators. We show that l I / *(C) thus defined satisfy the 
intertwining relation ( 4.1 1] ) and the commutation relations ( [4.13 ), (4.14). 
The type-II vertex operator is an intertwiner of ^^(s^-modules 

**P±1,0( C ) . V( _ g, Mk l _^ Mk l±li ^*G±1,0( C ) = iEr*0±l.O( C ) ® .) . 
It can be defined in the following way: 

*f l '\o = c M 'E4V /2 c)<^f^ fc/2+1 c) , 



where 



-17/ \- - J q~ l/2 for +; 

Q,/±i = a £(p;P,<?)q,z±i, Q,z±i = i _ (fc _i)/2 f _ 



(4.9) 



(4.10) 



Then, as we show below, it follows that Vl/* satisfies the intertwining relation 



E *:?' z±1) (Ci)Ci 1} (C2)^ i;£ « £? (^ A/2 c 2 /Ci) • (4.H) 



.(I±l) 
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*(l f I) 

The components of ty e ' (Q are denned as 



n=ii£(mod 2) 



where 



C (/±1 '° : (-Mfc,i)d — > (-Mfc,J±i)d-n, 
and we have chosen the scalar qj' in (|4.9[) to ensure the normalization 

jj}* {l±1 ' l) \k,l) = \k,l±l) (4.12) 

(see Appendix B for a detailed derivation). 

For the case of level-one, the relation Q4.S| ) has been presented in Q. 

In addition, it is possible to show that the type-II vertex operators satisfy 
the following commutation relations: 



i v 



') 2 (''.0 

(Ci)** (GO 



cr=±l 



I + a 

2 (J'.O 



2 (i'M+tr) ! (Z+«T,i) 

C1/C2 1 (c 2 )* (&: 



(4.13) 



1 

** (&)** (C2) 



E - h" 



<7=±1 



I 

I + cr 



2 {l",l+a) j (l+<r,0 

I (C2)** (Ci)^ 2 (Ci/C 2 ), 

(4.14) 



where the connection coefficients u> are defined in ( A. 24 ). 

To show that the intertwining relation ( [4.11 ) follows from the definition 
(§, we use Q, @, ( |2T2C| ), ( gig ) and fl212D to obtain 

E ^ M,) (Ci)^(c 2 )^ ; ^(.- fc/2 c 2 /Ci) 

f' e' 

E^M'^^co^'i;^-^ 1 ^)^;^^) 

x^5 i;e ^(?- fe/2 C2/Ci) 



fc 1 )*- 2. ' 2 
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K*S(V /a+1 Ci)^ e? (9-* /a C./Ci) 

E «M^ e + 2 - E1 ;. 2 -. 1 (-^ /2 " 1 C2/ci)< ei;4£i r fe/2 C2/ci) 
E ^ 1£2 ; £1 . 2 (^ /2 Ci/C2)< £i; ^(g- fc/2 c 2 /Ci)4l"(c 2 ) 



£l,e' 1 ,£2!"'l! '2 



= 4l»(c 2 )*:r j (Ci). 

Similarly, to prove (Op , we use flDj|), Q, ([E22p and Q>. For ( gig) , 
we use (^9|) , ( gig ), (fill]) and the fact that 



Cl",l'Cl',l 
Cl" J+crQ+o-J 



1 if W 



/ + a 



Finally we note that the inversion relation ( [4.6| ) enables us to express 
L^)(£) in terms of type-I and type-II vertex operators (cf. ( A. 28 )): 



cr=±l 



C M+. 



This is a generalization of the relation pointed out by Miki for the trigono- 
metric case at level-one [llOf. 



5 Ordering-rules for $ 

The defining relation (4.1) of the type-I vertex operators <3?(C) can be written 



as an ordering rule between the Laurent components of and L. This 
ordering rule determines the action of $e 1 '^(C): ■M-^l ~> M-k,i±\, as we 
explain below. 

Alternatively, the components ipn (cf. fl4,2| )) can be used to create 
vectors in Mki in a similar manner as the operators L$ e , with the defining 
relation of the algebra ( |2.20| ) replaced by the commutation relation between 
^-operators ( fl.4| ). However, whereas the L operator acts on to create 
a basis from a single highest weight vector \k, I), strings of operators ipn^ 
create vectors in Mk,i from vectors in Aik,i+j, j € Z. Such a construction 



22 



of the vectors in highest weight module has not been presented before, even 
in the trigonometric case. 



5.1 Ordering-rules for L(() and $(£) 

To write down the ordering-rules for ip m and L^, let 

with p(C 2 ) defined in and h® a (() in The functions a« CT (C) are 



formal power series in the variable and we rewrite fl4.1|) as an equality of 
formal power series: 

« (2)CT (Ci/c 2 ) E ^^ ) (c 2 )^(Ci) = a (1)CT (c 2 /Ci) E ^(Ci)*S?(&), 

ei=± ' £' 1= ± 

(5.2) 

where cr = ±. In a similar manner as in Section 3.2, this equation implies 
the following ordering-rules: 

Vra ~ 2^1 ^m+n-j^j Z^ a n-j+k a k 
j>0 k=0 



—J V^m+n+j "n+j-fc^fc ' 
j>0 fc=0 



i>0 fc=0 

+ Z^ Vm-n-j^j Z^ a n+j-fc a fc ' l -^ 
j>0 k=0 

where a = (— l) m ~ n (l' — l)e, and the Taylor coefficients are defined as 



w<T (o=E«rc 



i 



* — i J ~ v-i ~W°V 

i>o l^j>o a j v 

Equations (|5.3| ) determine the action of ipH^ 1 ' 1 ' 1 on the basis ( |3.4| ) gener- 
ated by L, in the following sense. The action of ipn^ is determined if we 
give all the matrix elements of the form (w\ip n \w') where (w\ € M% j ±1 and 
\w') € A^fc,/. This is computable by using the ordering rules (p\3|): We can 
use fl5.3|) to reduce the calculation of (w\tp n \w') to that for (w\ and with 
lower degrees. Note that the ordering rules ( |5,3D do not lower the degree if 
n < 0, but are trivially true in that case. 



'3 
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5.2 Normal-ordering of $ operators 

A conjectural basis for Mk,i can be generated by the action of the operators 
^(z±i,z) ag follows. We first compute the normal-ordering of products of the 
form fm^ifn ' l , by again rewriting the commutation relation (4.4) as a 
relation between formal power series: 

MC2/C1) E V^V^CTG" = (Cl ~ C2), (5.4) 

m=n (2) 



/MC2/C1) V- J±1,I W^-m^n 
1 _l 77 ^" '1 ^2 

1 + 9 C2/C1 ™ 

/3i(Ci/C 2 ) 



,:L m^n (2) 



i + 9Ci/C2 m _, n(2) 



E ^ ±1 '°^^ 1) c 2 - n cr m ,(5-5) 



E ^ (0 (^^)Cr m ~ 1 C 2 - n ai(C2/Ci)^ (0 (C2/Ci)- 1 = (Ci <-> C 2 ){5.6) 

m^n (2) 

E ^ ) (m,n)cr m c 2 - n /?i(C2/Ci)i ?(0 (C2/Ci)- 1 = (Ci-C2), (5.7) 

m=n (2) 

where ip®(m,n) = (tfm <fn , <Pm <Pn ), 

ai(C) = «(C)C(C 2 ; s, q) /?i(C) = /3(C)C(C 2 ; s, q), 



KO + c K )^, « = J=*$=_ e( <V,)-'. (5.8) 

The function £,(z;p,q) is defined in ( |2.4| ). The matrix fW(() is related 
to the Riemann-Hilbert splitting of the matrix W, and corresponds to the 
connection formula for the two-point function of the qKZ equation Q: 

w{l) (o = ( w ufl ir^)=^ ) (o- 1 ^ ) (r 1 ), 



where w are defined in flAjg ) and 

F (0 (C) 



7fl(0 /1°(0' 

,A(C) /i _(C). 
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/|L(C) = ^(-^t >< ^ (^/^^rt 2 ) • (5.9) 

The basic hypergeometric function 2<fii is denned in (|B.2| ). 

We remark that the choice of Riemann-Hilbert splitting in equation ( |5.5| ) 
is not unique. We choose this factorization since it is the correct relation at 
p = and it agrees with checks performed for low degree matrix elements. 
The ordering rules below are invariant under the interchange of £i and £2 in 
equation (|5.5|), For further discussion of this point the reader is referred to 
Appendix A. 

With this choice, the normal-ordering rules are now computed in a 
straightforward manner to be 



(J±l,l) (J,J T 1) _Ve -<n il±1 ' l) J MTl) 
i>0 L 2 J_ [ 2 J+ 

p«(m,n) =Y,<P®(m_-i, [^] + +i)E ( ^ n>i , (5.10) 

t>0 



where 



E a i,i-\k\ a l,f+k ( m even )' 
|fc|<i 

E {P2,i-kP lt m=±-k + (m odd), 



0<fc<i 



p(') _ rW r 

TTiji — a i-\k\ D ^ +k 

\k\<i 



ifci<t 2 

with the coefficients defined by 

i>0 j>0 
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and J2 a i,j& = a i{C) \ etc 

Using the inversion relation (|4.5|), we can also rewrite products of the 

form tpn^^tpn as a linear combination of normal-ordered products: 
<p®(n,n) = 6 n>0 0.,l) - ^W(n-m,n+ m )£)«)A(-g)F«(-g)- 1 , (5.12) 

?n>0 

where 

^ = (-^)- m id + E(-^< m 

fc>0 

and gi±ij is defined in (|4.7|). 

5.3 Vectors generated by ^-operators 

We now specify a set of vectors in ./Vi^ as follows. Let {^j}!?Li be a sequence 
of negative integers, and let {Ij}™^, lo = I, be a corresponding sequence with 
4 — 4-1 = il- Then we conjecture that Mk,i is spanned by the set of basis 
vectors of the form 

..(l,h) {h,h) (Im-iWii / \ 

fni ^"2 film I'*') 1 ™,/; 

ni < n 2 < • • • < n m , 
if nj = nj then Zj — Zj_i = Zj — ■ (5.13) 



The normal-ordering rules ( 5.10 ) and (|5.12j ) allow us to express all other 



97-strings as linear combinations of vectors of the form ( |5.13 ) 



The vectors ( 5. 13] ) have a natural grading with degree d = —J2 n j- The 



number of degree-d basis vectors of the form ( |5.13j ) is equal to the number 
of degree-d L-basis vectors, when (k, I) are generic. However, degree-d </?- 
basis vectors are created from a maximum of 2d + 1 highest weight vectors, 
whereas the L-basis is created from a single highest weight vector. 

Similarly we conjecture that M%i is spanned by left vectors of the form 

(MmlA^- ---^^ ( 5 - 14 ) 

with degree d = — X) n j- I n Appendix C, we show that the Shapovalov- 
type determinant of the matrix of couplings of degree-<i vectors of the 
form ( 5.13j ) in Mk,i with those of the form ( 5.14j ) in M.%i, has a simple 



factorized form for low degree, similar to the determinant computed for the 
components of the L-operator. 
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6 Level-one case 



The vertex operators for the level-one irreducible highest weight modules for 
<Aq,p(s fa) were discussed in ffl. In this section we start from the commutation 
relation and the inversion relation for the type-I vertex operator Q^ 1 : 
WW -> W^ 1 -^, (i = 0, 1) conjectured in Q. 

#(Ci/Ca) i (Ci) ^ (Ca) =1 (C2) 4 (Ci) , (6.1) 
ff ^$W^)(-g-l C )$(l-M) (C) = id . (6 . 2) 

£ 

Note that the module is graded: 7i® = (B^LqH^, and is generated from 
the highest weight vector \i). We conjecture that the module liS^ © Ti^ is 
generated from |0) and jl) by the actions of ifn (n < 0). 

(I ^ i) 

Let us write the ordering rules among the ifn . We choose the 
Riemann-Hilbert splitting as follows (see Section 2.1 for the definition of 
R): 

crVca/a) E #^£^rv = (Ci ~ go, 

m^n (2) 

/?(c 2 /ci) E p&^M^V"^ = (Ci c a ), 

m=n (2) 

where a(C) and /3(C) are given by ((5,8|). Set 

a(C) 

/3(C) 

From ( |6.1| ) we obtain the normal-ordering rules 

Ym Yn — V m+n-s .HJ m +„+s - a m-n,j > > '*) l. - ^ 

i>o 2 2 

where 

^ f if m — n is even; 

\ 1 if m — n is odd, 



j>0 



Ej>o«iC J 
l 



E^c j = - 

j>0 X^o/^'C 7 
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and _ 

^ /3m. -kPj-\k\ if m is even; 



d m ,j 



2 
k 



Yj5 m+i fc aj_|fei if m is odd. 
In addition, from (16.21) we have 



3>l k 



By using these ordering rules our conjecture is refined to the statement 
the vectors 

p { :i i+1) --^t m ~ 1 ' i+m) \ i + m ) ( 6 - 4 ) 



(i) 

that 7i d is spanned by the vectors 



such that 

m 

m < ■ ■ ■ < n m < and — nj = d. 

i=i 

The number of such vectors are given by the generating function 

oo oo 
d=0 n=l 

This is equal to the character of the level-one s/2-modules. Therefore, we 
further conjecture that these vectors constitute a basis. 

As in the generic level case of in Sections 3 and 5, the Shapovalov-type 
determinant factorizes for small d, as we discuss in Appendix C. 
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A Trigonometric case 

In this appendix we summarize known facts about the L-operators and the 
vertex operators in the trigonometric case, restricting attention to the quan- 
tum affine algebra U q {sl2)- We shall follow the convention of concerning 
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U q (sl2)- In particular, on the Chevalley generators ei,fi,t{ = q hi (i = 0,1) 
and q d , the coproduct is chosen to be 

A(ej) = &i (g> 1 + U (g> e i} 

A(/i) = /< ® t" 1 + 1 <g> /i, 

A(q h ) = q h ®q h . (h = h Q M,d) 

A.l Universal i?-matrix 

Let ft be the universal 72-matrix [12] for U = Uq^sfa). As for its definition 
and the properties, the reader is referred e.g. to Jl^, 14]. For the discus- 



sions of L-operators one needs to modify ft slightly [15]. Let Aj denote the 
fundamental weights (i = 0, 1). Let further p = Aq + Ai, which we identify 
with 2d + hi/2. Define 

n'- = a{n- l )q-^ p+p ^' 2 , 

ft'±(£) = (C p ® id)TZ' ± (C p ® id). 

Here a stands for the flip of tensor components a (a ® b) = b <g> a. Then 
ft ^(C) are formal power series in £ ±:L of the form 



i=0,l 



^'+(o = g- fti ^/ 2 ( i - (? - rvc E ^ ® «,/, + o(c 2 )J , 

(A.l) 

ft'-(0 = (i+(?- rVr 1 E ® */i + ^(c- 2 ) ] ^ i/2 . 



i=0,l 



(A.2) 



The properties of the universal i?-matrix can be readily translated in 
terms of ft ^ . For x E U write A(x) = x \ ® x '( ■ Then 

n ,+ (0 e (Ad(co^) ®*" = E Ad(cv ap/2 K ® Ad( ? c ^/ 2 )x; ^'+(o, 

(A.3) 

ft -(C) E Ad(Cy 2p/2 )^ <g> Ad(<f lp/2 )x" = E (Ad(C P K) ® ^ - (0- 

(A.4) 

Here c\ = c ® 1 and C2 = 1 <8> c. Similar notations will be used throughout. 
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The Yang-Baxter equation takes the form 

^'if(Ci/C2)<f(^ c -/ 2 Ci/C3)^f (C2/C3) 

= ^(C 2 /C3)<f(g ±C2/2 Cl/C3)<f (C1/C2), (A ~ 

^(9 C3/2 Cl/C2)^' 1 t(Cl/C3)^i(C2/C3) ^ ' 1 

= ^(C 2 /C3)^(Ci/C3)^' 1 t(^ C3/2 Ci/C 2 ). 

For completeness we give the transformation properties of 1Z ^ under the 
coproduct A, counit e and the antipode a. 



(Ac 


g)id)^'+(C) = 


= ^'+(g-^ 2 C)^+(C), 


(A.6) 


(idc 


g)A)7i /+ (C) = 


= ^+( g C2 / 2 C)^'+(C), 


(A.7) 


(Ac 


g)id)^'-(C) = 


= ^'13(0^23 (^ Cl/2 C), 


(A.8) 


(idc 


$A)Tl'-(0 = 


= ^' 1 3(0< 2 (? C3/2 C), 


(A.9) 


(eg 


)id)^' ± (C) = 


l = (id®e)?i' ± (C), 


(A.10) 


(a g 


51^^(0 = 




(A.11) 


(idc 






(A.12) 



A. 2 L-operators 

Let now irv '■ V — > End(y) be a finite dimensional representation, where V 
signifies the subalgebra of U = U q {sl2) generated by ej, fa, U (i = 0, 1). The 
evaluation representation iry c associated with V is defined by 

7r Vc (x) = tt (( p xC p ) VxeU'. 
Introduce the L-operators 

L±(C) = L±(C) = (tt Vc ® id) 1l ± . 



Taking the image of (A. 5) in ®V^ 2 we find the following RLL relations: 



RUC1K2) L± (Ci) L 2± (C2) =L± (C2) L± (Cl)^ 2 (Cl/C 2 ), 

^2(9 c/2 Ci/C2) A (Ci) (Ca) =L~ (Ca) L + (Ci^ia^Ci/Ca). 
Introducing the matrix units i2y let us define the entries £y(C) by 

L ± (c) = E^i®4(0- 
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In these terms the Hopf algebra structure reads as follows. 

A ( L 5(o) = E^(0^^(^ i/2 c), 



i 



A ( L ^(o)=E^(9 C2/2 c)^^(c), 



s, 



a(L^C) t ) = (L ± (l- c/2 O t y 1 , 
a- 1 (L ± (C)) = L ± (C)~ 1 . 
In the last two lines we set 



All these can be derived by taking the image of ( A.6 )-( A.12 ). 

The image of Ly((j) on the evaluation module Wf 2 gives rise to the 
.R-matrix 

KywiCi/Cz) = (}<l®Tr Wc2 ) L±(Ci) = (ttv Ci ®7rw Ca ) 

From now on, will be the evaluation module associated with the 
standard two-dimensional (spin 1/2) module, V = Cv + © Cv-. In this case 



L-(C) 



we see from ( |A.1| )-( [AT2D that the L-operators have the form 

ai ( h 1/2 + - ai-<?)t\ /2 h + ---\ 

" U(l-9 a )*5 /a /o + - ^o 1/2 + --- J' 

q U- 1 d- 9 - 2 )e 1 tr 1/2 + --- ^ /2 + --- )' 

(A.13) 

For complex numbers k, I, we let A^ ^ denote the Verma module over 
U with highest weight [k — Z)Ao + /Ai and highest weight vector \k,l) (the 
superscript referring to the trigonometric case). We shall be concerned 
with the case where k, I are generic, so that A^ ; is irreducible. From ( A.13| ) 
we see in particular that the 0-th components of the L-operators act on the 
highest weight vector as 

Lt ± , \k,l) = q ±( - k ~ 2l ^ 4 \k, I), 
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Consider the operators 

PL ± (C) :v e <®u ^ Yl L te'(Ou ®v £ (u £ M° k>u v £ G V) 



where Pv u = u v. Taking the image of ( |A,3j )-( |A~4| ), we find that they 
can be regarded as intertwiners of {/-modules of the form 

A. 3 Vertex operators 

Let us proceed to the vertex operators. They are the intertwiners of U- 
modules of the form 

3 (, ''°(C) : Ml^MlvQVc 

We call $ and vertex operators of type-I and type-II, respectively. Non- 
trivial vertex operators exist if and only if I' = I ± 1, in which case they are 
unique up to scalar multiple @. Define their components by 

*<i',o (c) = 5>P(c)^ e , 

We have the parity relation 

*e (,±1,,) (-C) = ±£*e (,±1,,) (C)- 

We normalize the vertex operators by the conditions 

^' l \0\k,i) = \k,i±i) + o((), 

*i l±1 > l \0\k,l) = \k,l±l) + 0(C). 

In terms of the L^-operators, the intertwining properties for the vertex 
operators read as follows. 
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I (C2) A (Ci) = R + (q k/2 Ci/(2) L + (Ci) i (C2), 

t(C 2 )£-(Ci) = fl"(Ci/C2) ^" (Ci) * (C2), 
A (C2) (Ci) = ^(Ci)^ + (C 2 )fi* + (C 2 /Ci), 
L-(C 2 )**(Ci) = ^(Ci)^(C 2 )ii*-(g fc/2 C2/Ci). 

The intertwining relations in this form were presented in ^ where the ho- 
mogeneous grading is used. Here we have written them in the principal 
picture. 

It is possible to express the type-II vertex operators in terms of type-I 
operators and the L-operators. Consider the diagram 

V ( ®M° k>l -U V c ®Ml v ®V_ qh/2+H 

[^ v ' l \0 |PL+(C)0id 

M° k l , <g> C ld ^ } Ml v ® V qk/H ® F_ gfc /2 + i c 

Here the horizontal arrow in the bottom is given by 

( , } : V{ <g> — ► C, u e (81 u e / i-> <5 e _ e /. 

All the maps in the diagram are intertwiners. From the uniqueness of the 
vertex operators we conclude that 

** W±1) (C) = q T{2l - k)/i Y. L te^ (l -e ±l \-<l k/2+l O- (A.15) 

We have used the normalization ( |A.14| ) and ( A.13| ) to fix the scalar multiple 
in the right hand side. Notice that the composition in the right hand side 
is well defined, because for any vector (u\ of the dual space the series 
(u\L^ E ,(Q contains only a finite number of nonzero terms. In a similar way 
we find 

rj l±1 ' l \c) = g :F ^/ 4 X;*-J 1,,) (-5~ fc/2 ~ 1 C)^(?~ fc/2 0- (A.16) 

e 
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A. 4 Commutation relations 



The vertex operators are known to satisfy the commutation relations of the 
following form P, 111]]. 



i?i 2 (Ci/C 2 )f (Ci)$ (C2) 
V 



= J2w\i» 1 

\ l + a 

1 (i",0 2 c.o 
$ (&)** (C2) 

= 5>H" * 

1 2 P'.0 



2 («",Z+(t) iCi+er.O 

C1/C2 1 $ (C2)* (d), 



(A.17) 



2 (Z",i+cr) 

C1/C2I** (C2)* (Ci), (A.18) 



(Ci)¥* (C2) ( J Ri 2 (Ci/C 2 ))~ 1 



V 

l + a 



2 (Z",Z+<r) j (J+o-,0 

C1/C2 I (C2) (Ci)-(A.19) 



Here the i?-matrix is normalized as 

with t + (() being defined in (|2.5|). The coefficients w are given by 



to I Z±l Z=Fl |C 

«' | Z Z < 

Z + e 



c 



-1 £(C 2 ;s,<?) 
£(C" 2 ; 

C(C 2 ;g,g) (o 



C(C- 2 ;s,g) 



(A.20) 

(A.21) 
(A.22) 



where £(z;p,q) is defined in (2^) and 

e s (g 2 ) e a (^c 2 ) 

& s (y?) ®s(q 2 C 2 ) ' 



4L(C) 



(^ 2 y/ T ;s)oo(g a yf;s)oa ©s(C 2 ) 



2„=F. 



s = q 



2(k+2) 



Vl 



(iff;*)* 

+ _ „2(i+l) 



x gC 



-1 



(A.23) 



» yj = s \yi 
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The w are related to w by 



( v 




I" I 


<) 


V i* 





c/J+l 



Q',l 
ci",l" 



q- l l\ a n = r (fc - /)/2 . 







Z" z 


-?- fc/2 - 1 cl 


V r 





(A.24) 



In addition, the type-I vertex operators satisfy the inversion relation |ll]] 
9v,lJ2^-P(-l' 1 0^ l '' l) (0 = id- (A.25) 

e 

Equivalently it can be put in the form 
where 



(A.26) 



9l±i,l 



(y, 



l i °loo 



1 



(9V; s )oo^(s;s,g)' 



(A.27) 



Using ( |A.15| )-( fA.16| ) and ( |4.6| ), one can express the L^-operators in terms 
of type-I and type-II vertex operators. The result is as follows. 



LtAO =E±g ±M/4 5M±i^ (M±1) (C)$ 



(Z±1,0 



L-,(C) =E±? 



(^ /2 C), 
(^ /2 C). 



(A.28) 



Remark. The precise meaning of the commutation relations ( A,17 )-( A.19 ) 
is as follows. For any (v\ € M^pi and |u) € M^i the matrix element 



(Ci)$ (C 2 )|«) 



(A.29) 



can be meromorphically continued to the entire complex plane in £ = (^/Ci- 
Similarly 

i(i",0 2C.O 
(«|* (C 2 )$ (Ci)|«) (A.30) 



is meromorphic in Equation ( A.17| ) means that for each (u|,|it) the 

matrix elements of the two sides are equal as meromorphic functions. 

In fact, equation ( A.lTj ) can also be interpreted as a formal series relation 
in the following sense. First note that R{C) an d w have no poles on the unit 
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circle |£| = 1. Expanding them into Laurent series in the neighborhood of 
[£| = 1, we can rewrite ( A. 17] ) as an equality 



Lm^Ci 2 ~ J]] ^ni.naCl 2 1 (A. 31) 



where L ni>rl2 and R ni ,n 2 have the form 

Ln\,ri2 = ^ ] c j^ ) ei,ni+j^ > £2,™2— J) Rni,ri2 = ^ ] c j^S2,n2— j^ei,ni+j- 



A close examination shows that the matrix element ( A.29[ ) is holomorphic 



in the domain |£ 2 | < q 4 , while ( A.30| ) is holomorphic in |£ 2 | > q 4 . (This 



analysis requires the use of the explicit formula for the two-point functions 
obtained by solving the q-KZ equation.) Hence the matrix elements of both 



sides of (A. 31) converge absolutely to the same quantity in a common domain 
containing \(\ = 1. It follows that L nij7l2 , R ni ,n 2 are weu defined operators 
and that L ni>n2 = R ni>n2 for any n l5 n2. 

The formal series relation is thus a stronger statement, and its validity 
relies on the analyticity structure of the matrix elements. It is not valid e.g. 



in the case ( A.19| ) 



We remark also that in the trigonometric case the choice of the Riemann- 
Hilbert factorization in the ordering rule fl5.5|) is determined by a similar 
principle. In the right hand side of ( |5.5| ) the pole corresponding to I + 9C1/C2 
is spurious since (C1/C2) contains the same factor. On the other hand the 
factor 1 + <7 _1 C2/Ci is n °t contained in /?i (C2 /Ci) • Nevertheless one can show 
that the matrix elements of J2m^n (2) Vm '</?n Cf" 1 '(,2™ ls divisible by 
1 + q Cz/Gl- Therefore (|5.5|) is correct as a formal series relation. 

B Two-point functions 



In order to determine the proportionality constants a of (3.2), c^y-i of ( |4.10| 



& n 9l±l,l °f 04.7|) , it is necessary to compute the appropriate two-point func- 
tions. We outline the method of calculation below, and list the required 
results. 

Consider the two-point function X^( < ^e' ±1 ''' l (C2)3 > e^ =Fl ' l (Ci))- By using 
the normal-ordering rule ( |5.10 ), we find 



(J l±1 ^J 1 ^) -5 eo n - 5 Si 

\rm rn I — u m,-n c 2m,0 — u m,—n Lz l, 
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which can be summed to give the two-point function, 

E(^ ±1 ' (C2)*i MTl) (Ci)) = «i(C)- 1 - 

e 

Alternatively the same result can be obtained from the following argu- 
ment. Taking the expectation value of the commutation relation (5.4) we 
have 

«i(Ci/c 2 ) E (^ ±1 '°^ MTl) c 2 - m cr n ) = (C2-Ci)- (b.i) 

m=n (2) 

The left hand side (resp. right hand side) of flB,l| ) is a power series in 
£ = C1/C2 (resp. C -1 )- Hence, assuming they have a common domain of 
convergence, we conclude that the left hand side of flB.l| ) is a constant. 
From the normalization (^J^) of the vertex operators we find this constant 
to be 1. 

Using a similar procedure, one can compute the other two-point func- 
tions, which we list below. In practical calculations, it is convenient to define 
a 'dagger-rule', a 5-linear anti-automorphism defined by 

(4 i)e ) f = (V /2 r^l e , (^' ) ) t = 

The ordering rules are preserved by the action of f, and hence 

(a) = (aJ) Va G Aq^sh). 

Let 

M)±, s , ( q 2 q 2 vf -2 \ 

fi (*) = 201 y ± ;s,q zj , 

,(0±/ \ 1 - Q 2 -1 , ( sq 2 q 2 yf -2 

ft ( z ) = —, ±q 201 + ]S,q z 

L—Vl \ s Vl 

where the basic hypergeometric function is 

fab \ ^ (a;q)n(b; g) n n , , ttL , . 

•* U ; *■ v - S mb ' • (a; ?) - = n (1 " ■ <R2) 

The functions ft (z) are related to those of ( |5.9| ) by 

F (0±/„/-2n , „,±^(0±^2 A _ 1 /-(I) , -(0 
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Below, C = Ci/C2- We have 



?<$?± M, (<2)4 p 1)(Cl)H (p^|gM, 


(B.3) 


x + yt<xfP ± (>< 2 )). 


(B.4) 


y- (4 ,-(fu) (C2) $WTi) ((l)) = V($<'f J) (C2)*:"-' T1) (Ci)> 


(B.5) 










E(^ (M±1) (c 2 )^ /±1 '°(Ci)) = E(^ M±1) (c 2 )*: (i±1 -°(Ci)) 


(B.6) 


£(s _1/2 C 2 ;0,g) w ( f (f)±( i ±^1/2/- w ,(o±^ i/2^2- 

= e( a -i/2 C 2. s>9 ) * (/i ( s ' C ) (Vi ) 7 C x / 2 W (a ' C, 




E^ a±1 '°(c 2 )*: (MTl) (Ci)> = 

l-C 2 


(B.7) 


£(C 2 ;p*,g)£(C 2 ;^)' 




y ( ^*(M±i) (c ^*(/±i,o (c u 

£ 


(B.8) 


_ (-p*9 _1 C;p*)oo i-C 2 r f «±^2 1 . c „ m)± 

I - P Qk,P Joo ,p ,q)t,{(, ,s,q) v 


(C 2 )) , 


E(^' ) (c 2 )4 , £ ) (Ci)) = 4 « {2)CT (c)- 1 , 

£' 


(B.9) 


E(4 ) £(C2)^' ) (Ci)) = 4')a^(c)- 1 , 

£' 


(B.10) 


E(4 ) '(C2)<?' ) (Ci)) = 4°«* (1)CT (^ /2 o, 

£' 


(B.ll) 


E(*: ( / ) (C2)4S ) (Ci)) = 4 «* (2)CT (^ /2 c), 

£' 


(B.12) 


E(L2(C2)^2(Ci)) = a 2 (^+^)|§ ! 


(B.13) 


E(4^c 2 )^U(Ci)) = 2a 2 ^ 2 | ( ( c c ) ) , 


(B.14) 
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where V = I ± 1, I — I' = ae and is defined in (|B.17| ) below. The 
functions £(C 2 ;p, q), p(C 2 ), «(C)J(C), (C), « (2)<T (C), are defined in Q, 
(O)-(O) and fO), respectively. 



To determine the constant gip in fl4.7|) , we use (p.4|) with (j = £,£2 
— g _1 C to obtain 

e 

_ (s;g)oo gs;s,g) / (J)± , , (J)± 2 x 

"W')4(p;ftfl) l/l ' 2 j ' 

The expression in ( |4.7| ) results from the identity 

(sg 2 ;s)oo {q 2 yf;s) OQ 



±/(Q±/ 



(s;«)oo (yf; s )c 



The constants a and q are be determined in a similar manner. 

Finally let us comment on the normalization ( |3.l| ) of the L-operator. Let 

4 0± |M) =a i l ) \k,l). 
From the requirement that g-detL(£) = q k / 2 , using (B.14), we have 



(B.15) 



In addition, taking the expectation value of (|^) we find 

3 (0 w*rj±i,n/v_M-(Q//- w .^r/rWi 



p(C 2 ) 



E(*^ 1,0 (c^S(Ci)>=a(r l )E<^(Ci)*^ 1,0 (c«)>- 



Again the left hand side is a power series in £ while the right hand is a power 
series in with the expansions 

LHS = q^a® + 0(C), RHS = 4 ±1} + CKC' 1 )- 
We conclude that both sides are constant, and therefore 



,(l±i) 



(B.16) 



The two conditions (B.15) and ( |B.16 ) motivate our choice of normalization 



o J) =a9 (*-0/2 9 o (0 



7/2 



(B.17) 
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C The Shapovalov-type determinant 



Using the ordering rules derived in Sections 3, 5 and 6, it is possible to 
compute a Shapovalov determinant for the operators introduced above, for 
low degree d. This is the determinant of a matrix formed by coupling of 
vectors in Mk,i with those in It appears that for all three of the 

conjectural basis vectors presented above, (|3.4[) , (|5,13j ), or (|6.4j) in the level- 
one case, this determinant has a simple factorized form to the degree we 
computed it. 

Consider first the x N$ matrix (with as in Ql.5| )) formed by cou- 
pling degree-d vectors ( |3.4[) in Aikh generated by Laurent components of 
the L operator, with vectors ( 3,15| ). The elements of this matrix are com- 



plicated functions of the four variables q,p,l,k. However, The determinant 
Arf of this matrix has the following simple factorized form for degrees 1 and 
2: 

Ai = f p ^; q ' 1} ' [k-m], 

{p;p)i{P*;p*)i 

A 2 = , f"' YH ~^7* * ^ -l-W-m- l?[l\ 2 [k + 2], 

(p;p)i(p;ph(p ,p )i(p ,p )2 

(C.l) 



where 



q n -q- n 

M = — 

q-q 1 



and a is defined in ([^). Note that the determinant factorizes into a factor 
of the form f(p)f(p*) and a factor independent of p. The dependence on 
q is essentially in the form of the Shapovalov determinant |6|. In the 
trigonometric case, the zeros of the Shapovalov determinant correspond to 
special values of (k, I) where the Verma module has null vectors. The above 
results suggest that the structure of the Verma module is unchanged in this 
sense under p-deformation. 

The determinants of matrices formed by coupling degree-cf ^-vectors 
( 5.1 3| ) in Mk,i with ( |5.14j ) in M* k l also have a simple factorized form: 



Ai = (1) 



Aa - (1)(2) [k +2]m-i][k-ink-i-ir (c - 2) 
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where 



The factor in the determinants (|C.2| ) containing the variable q is the inverse 
of the Shapovalov determinant. We expect such a structure persists for 
higher degrees. 

For level-one, the determinant of the matrix of the coupling between TC^ 
and its dual with respect to the basis ( |6.4j ) and the corresponding one 
for T~C^* small d also has a simple form: 

Ai =(1) 

A2 =(2) M 

As =(D(3)i J 
A 4 = (1) 2 (4) ' 



[2] [4] 



A 5 = (I) 2 ( 2 ) (5) |2p]4] 
A 6 = (1) 3 (2)(3)(6) 



[2]3[4]f6] 
A 7 = (1) 4 (2) 2 (4)(7) [ ' J] 



[2] 4 [4] 2 [6] 

A 8 = (1)6(2) 2 (3)(5)(8) " >j 



[2] 5 [4] 2 [6][8] 



We remark that such a factorization into a function of q and a function of 
p is reminiscent of that for the spontaneous staggered polarization [16, H]. 
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